Let A = A 0 ⊕ A 1 be an associative superalgebra over a commutative associative ring F , and let Z s A be its supercenter. An F -mapping f of A into itself is called supercentralizing on a subset S of A if x f x s ∈ Z s A for all x ∈ S. In this article, we prove a version of Posner's theorem for supercentralizing superderivations on prime superalgebras.
INTRODUCTION
Let R be a ring and S a nonempty subset of R. A map f R → R is said to be commuting (centralizing) on S if x f x = 0 ( x f x ∈ Z R , respectively) for all x ∈ S. Posner (1957, Theorem 2) proved that the existence of a nonzero centralizing derivation on a prime ring forces the ring to be commutative. After this, many articles have contributed to the generalization of this result in various directions (see, for example, Beidar et al., 1996 Beidar et al., , 2000 Bell and Martindale, 1987; Brešar, 1993; Hongan, 1991; Lee and Lee, 1983; Lee, 2001; Mayne, 1984 and references contained within). Recently, there are articles published on prime (Lie) superalgebras (for example, Beidar et al., 2003; Fošner, 2004; Gómez-Ambrosi et al., 2000; Montgomery, 1997; Montaner, 1998) which make it natural to consider some version of Posner's Theorem for superderivations on prime superalgebras.
In this article, we shall consider supercentralizing superderivations on prime superalgebras, which we state in the following 4458 CHEN is a superderivation of A such that x d x s ∈ Z s A for all x ∈ A, then either A is commutative or d = 0.
In the following section, we shall give the definitions and state the lemmas needed for proving the theorem. Then we will prove the theorem in Section 3.
PRELIMINARIES
Throughout the article, algebras are over a unital commutative associative ring F . We shall assume, without further mentioning, that 1 2 ∈ F . Although this requirement is not always needed, it is assumed for the sake of simplicity.
Let A be an associative algebra. We say that A is 2 -graded if there are two F -submodules A 0 and A 1 of A such that A = A 0 ⊕ A 1 and A i A j ⊆ A i+j (where indexes are computed modulo 2). In this case, A is called a superalgebra over F .
For a superalgebra A = A 0 ⊕ A 1 , the mapping A → A given by x = −1 i x for all x ∈ A i is an algebra automorphism and 2 = id, the identity mapping of A. On the other hand, if A is an algebra equipped with an automorphism such that 2 = id, then A has 2 -grading with
Suppose that A = A 0 ⊕ A 1 is 2 -graded. An element a ∈ A i (i = 0 or 1) is said to be homogeneous of degree i and this is indicated by a = i. For an F -submodule S of A, we put S i = S ∩ A i , i = 0 1, and say that S is graded if S = S 0 + S 1 . A graded ideal of A is an ideal of A which is graded when considered as an F -module. Now, A is said to be prime if the product of any two nonzero graded ideals is nonzero. Further, A is called semiprime if it has no nonzero nilpotent graded ideals.
Here are some important results about prime and semiprime superalgebras. 
On a superalgebra A, define for any u v ∈ A 0 ∪ A 1 the super-commutator u v s = uv − −1 u · v vu, and extend this product to A, additively. Thus,
where a = a 0 + a 1 , b = b 0 + b 1 and a i b i ∈ A i for i = 0 1. The supercenter, Z s A , consists of the elements a ∈ A such that a b s = 0 for all b ∈ A. We note that Z s A is equal to the set a ∈ A a b s = 0, for all b ∈ A 0 ∪ A 1 . Clearly, Z s A is a subsuperalgebra of A and
Then Z s A 0 will be equal to the even part, Z A 0 , of the center Z A of A. Now, let S be a subset of A and call a mapping f A → A supercommuting (supercentralizing) on S if x f x s = 0 ( x f x s ∈ Z s A , respectively) for all x ∈ S. By Lemma 1.3(1) of Montgomery (1997) , we obtain the following result.
Lemma 2.4. If A is a semiprime superalgebra, then Z s A 1 = 0 and Z s A = Z A 0 .
Proof. Choose z ∈ Z s A 1 . Then
, z 2 = 0. For any homogeneous element a ∈ A, 0 = z a s = za − −1 a az. Since z 2 = 0, zaz = 0. Thus zAz = 0 and z = 0, by the semiprimeness of A.
Finally, we need to define a superderivation of a superalgebra A.
, where indices are computed modulo 2, and
A superderivation is simply the sum of a superderivation of degree zero and a superderivation of degree 1. For example, let a = a 0 + a 1 ∈ A. The mapping ad s a x = a x s is called the inner superderivation induced by a. Since a x s = a 0 x s + a 1 x s , we have ad s a = ad s a 0 + ad s a 1 . Here ad s a 0 is of degree zero and ad s a 1 is of degree 1. We note that if d 0 is a superderivation of degree of zero, then d 0 is just a derivation of A for which d 0 A i ⊆ A i . On the other hand, if d 1 is a superderivation of degree 1, then d 1 is a skew-derivation connected with the automorphism given above.
We prove two properties of superderivations here. 
Proof. Let i ∈ 0 1 . Take s ∈ Z s A 0 and a ∈ A 0 ∪ A 1 . Then
and so d i s ∈ Z s A . Now the result holds since
If the superalgebra A is semiprime, it follows from Lemmas 2.4 and 2.6 that
Now, we state a special case of a theorem of Brešar (1993, Proposition 3 .1), which says that, under rather weak hypothesis, centralizing mappings of semiprime rings are in fact commuting. This proposition will be used in Lemma 3.2.
Proposition 2.7. Let R be a 2-torsion free semiprime ring R, and U a subring of R. If an additive mapping f of R into itself is centralizing on U , then f is commuting on U .
Finally, we will use the following results on Posner's theorem for -commuting -derivations, which are special cases of Corollaries 2 and 4 in Lee (2001) . In particular, if R is prime, then either d = 0 or R is commutative.
PROOFS OF THE THEOREMS
In this section, let A = A 0 ⊕ A 1 be a semiprime associative superalgebra over F . By Lemma 2.4, we know that Z s A = Z A 0 . Also, we assume that
First of all, we want to show that if d is supercentralizing on A, then d 0 and d 1 are supercentralizing superderivations on A.
where i ∈ 0 1 .
Since a i d 0 a i s ∈ A 0 , we have
and so
we deduce that
Now we have
In the next lemma, we prove that if d is supercentralizing on A 0 , then each d i (and hence d) is supercommuting on A. Proof. Because A 0 is commutative, according to Lemma 3.5, the central closure
0 A has four possibilities, and in the first three cases S is commutative. Since A is a subsuperalgebra of S, A is commutative if S is one of the first three cases in Lemma 3.5.
So we assume that S = Q over . Our goal is to extend d 0 and d 1 to be superderivations of S, and show that d i S = 0. Then it would follow that d i A = 0 for i ∈ 1 2 , and so d A = 0.
First, we extend d 0 to a superderivation on S by d 0 z −1 a = z −2 d 0 a z − ad 0 z for all a ∈ A and z ∈ Z A 0 \ 0 . Thus by Lemma 2.6, Lemma 3.1 and s 2 ∈ Z S 0 for all s ∈ S 1 , we have, for all z ∈ Z A 0 \ 0 , a 0 ∈ A 0 and a 1 ∈ A 1 , that
Since S 0 is commutative, we have
Now, using the fact that
for all a ∈ A and z ∈ Z A 0 \ 0 . Thus, if z ∈ Z A 0 \ 0 and a ∈ A, then by Lemma 3.1
Therefore, s d 1 s s ∈ Z S 0 for all s ∈ S. For any x ∈ S 0 ∪ S 1 ,
Since ux = −xu for all x ∈ S 1 and d 1 u ∈ S 1 , we have (8) and (9) were derived), this implies that
for all x ∈ A 0 and a ∈ A
Substituting ba for a, we get
for all x ∈ A 0 and a b ∈ A. Hence d 0 x A x a s = 0 for all x ∈ A 0 and a ∈ A. By the primeness of A, we have d 0 x = 0 or x A s = 0 for all x ∈ A 0 . So A 0 is the union of the subgroups U 1 = x ∈ A 0 d 0 x = 0 and U 2 = x ∈ A 0 x A s = 0 . Therefore, either U 1 = A 0 or U 2 = A 0 ; consequently, either A 0 is commutative or d 0 A 0 = 0.
(ii) A 0 is a prime algebra. By (9), d 0 x A 0 x v s = 0 for all x v ∈ A 0 . Thus by the primeness of A 0 it is impossible for a group to be the union of two proper subgroups; therefore, we must have that A 0 is commutative or d 0 A 0 = 0. 
In both cases, we have that either
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